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ABSTRACT

The Linear Miminum Mean Square Error (LMMSE) equal-
izer coefficients of a stationary signal are defined by a Toeplitz
system. The Toeplitz structure lends itself to computation in
frequency domain, which reduces complexity. In this paper
we investigate circulant embedding and circulant approx-
imation methods applied to the preconditioned conjugate
gradient (PCG) method and frequency domain equalization.
We develop a novel circulant approximation method which
improves the performance/complexity tradeoff. All consid-
ered algorithms are benchmarked in terms of implementation
complexity and capacity achieved by a High Speed Down-
link Packet Access (HSDPA) receiver in a multipath fading
scenario.

Index Terms— HSDPA, LMMSE, Frequency domain,
circulant approximation, FFT, Conjugate Gradient.

1. INTRODUCTION

Signals transmitted over a multipath channel to a mobile re-
ceiver are subject to interference and fading. In order to sup-
port the data rates required by services such as HSDPA reli-
ably, the equalizer attempts to reverse the effects of the multi-
path channel. The most common approach is the Linear Mini-
mum Mean Square Error (LMMSE) equalizer. The conjugate
gradient method computes the equalizer coefficients with a
complexity of O(N2), where N is the equalizer length. Al-
ternatively, the coefficients can be computed in frequency do-
main, which reduces complexity to O(N log N). The trans-
formation to frequency domain can only be done at the ex-
pense of circulant approximation error, however.

These two approaches have been compared previously to
stage time domain and frequency domain equalization against
each other [1]. The conjugate gradient method is not mutu-
ally exclusive to frequency domain optimizations, however.
On the contrary, it can also be reduced to O(N log N) com-
plexity and in combination with circulant preconditioners its
convergence speed can even be increased.

In Sections 2 and 3 we present the system model and de-
rive the LMMSE equalizer equations. In Section 3.1 we give
an overview of FFT optimizations which will be applied in
subsequent sections. In Section 3.2 we introduce the classi-
cal conjugate gradient method. In Section 3.3 we will then
investigate various circulant approximation methods applied
to the preconditioned conjugate gradient algorithm. We apply
the same methods to frequency domain equalization in Sec-
tion 3.4 and by combining previous findings for both methods
we present a new circulant approximation approach in Sec-
tion 4. All considered algorithms are benchmarked in terms of
implementation complexity and capacity achieved by a High
Speed Downlink Packet Access (HSDPA) receiver in a multi-
path fading scenario.

We use lower-case bold face variables to denote vectors
and upper-case bold face variables to denote matrices, In to
denote the n× n unit matrix, 0m,n to denote the m× n zero
matrix. Indices will be omitted where the format is clear from
context. We further use (·)T to denote transposition, (·)H to
denote conjugate transposition, (·)∗ to denote complex conju-
gation, Re x and Im x to denote the real and imaginary parts
of x, respectively, ‖·‖2 to denote the 2–norm, E(·) to denote
expectation, log2 to denote the base 2 logarithm, loge to de-
note the base e logarithm, and mod to denote the modulo op-
eration.

2. SYSTEM MODEL

We consider the receive signal

y = Hx + v

where

• y is the MN × 1 receive signal vector,

• x is the L+N−1×1 zero-mean transmit signal vector
with unit covariance,

• v is a MN×1 zero-mean complex Gaussian noise vec-
tor with covariance I,
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• M denotes the number of receive antennas,

• N denotes the equalizer length, and

• L denotes the channel length.

Furthermore,

H = [HT
0 ,HT

1 , . . . ,HT
M−1]

T

is the MN ×N + L− 1 channel convolution matrix, where

Hm =


hm,0 hm,1 · · · hm,L−1 0 · · · 0

0 hm,0 · · · hm,L−1

. . .
...

...
. . .

. . .
. . . 0

0 · · · 0 hm,0 · · · · · · hm,L−1


for m = 0, . . . ,M−1 and hm,l denotes the lth delay element
of the multipath channel impulse response at antenna m.

The transmit chip sequence is actually a superposition of
spread and scrambled UMTS and HSDPA channels. Due
to scrambling, the transmit chips are mutually uncorrelated,
i.e., E(xxH) = I. It is therefore possible to disregard the
CDMA specific properties of the transmit signal in order to
treat equalization entirely at the chip-level.

3. EQUALIZER ALGORITHMS

Let en denote a column vector with a one at index n and ze-
ros otherwise. The desired transmit chip d = eT

Nx is esti-
mated using the linear combination of receive samples d̂ =
fHy. The LMMSE equalizer determines f such that the mean
square J(f) = E(|e|2) of the error e = d − d̂ is minimized.
If the statistics of y and d are known, this criterion is satisfied
by the Wiener solution [2]

fLMMSE = A−1b , (1)

where A = E(yyH) = HHH + I and b = E(yd∗) = HeN .
The corresponding equalizer is known as the LMMSE equal-
izer.

Since the channel is not stationary, the LMMSE equalizer
processes blocks of receive samples. The number of receive
samples per block is chosen small enough so that the channel
can be assumed constant. The channel state is estimated for
each block and the corresponding LMMSE equalizer weight
vector is computed and used to filter the same block of re-
ceive samples. The downside of this approach is the need for
a channel estimate, as well as the computational complexity
involved with solving the system of equations which deter-
mines the LMMSE equalizer weight vector.

Note that if L > N , the following equalizer algorithms
are ignorant of the error due to excess channel length. The
auto-correlation and cross-correlation functions are computed
for a maximum channel length N . For the investigated multi-
path channels the resulting computation error is negligible.

3.1. Fast Fourier Transform (FFT)

Using the Fast Fourier Transform, a matrix-vector multiplica-
tion can be computed with O(N log2 N) complexity. Let F
be the unitary Vandermonde matrix with elements given by

[F]k,l =
1√
N

exp(−i2πkl/N) , 0 ≤ k, l < N .

Fx is the discrete Fourier transform of an arbitrary vec-
tor x. Let C be a circulant matrix, c its first column. The
columns of FH are orthonormal eigenvectors of C. Λ =
FCFH is therefore a diagonal matrix, the entries of which
are the Fourier coefficients of c. A matrix-vector multiplica-
tion can be computed in frequency domain using the relation
Cf = FHFCFHFf = FHΛFf , which has the complexity of
two N–point Fourier transforms, and N multiplications [3].
A fast Fourier transform requires 1

2 N log2 N complex multi-
plications. If the result is known to be real, the complexity is
halved.

Let Ek,l be the M ×M unit matrix with a one at index
(k, l) and zeroes otherwise. Let Ck,l, k, l = 1, . . . ,M be N×
N circulant matrices. Then, C =

∑
k,l=1,...,M Ck,l ⊗Ek,l is

an M ×M block N × N circulant matrix, F̃ = FN ⊗ IM

is the corresponding M × M block N × N Vandermonde
matrix and Λ = F̃CF̃H =

∑
k,l=1,...,M FNCk,lFH

N⊗Ek,l =∑
k,l=1,...,M Λk,l⊗Ek,l is an M×M block diagonal matrix.
The matrix-vector multiplication Ap of a block Toeplitz

matrix A can be computed via a block circulant matrix-vector
multiplication

Cp′ =
[

A ·
· ·

] [
p
0

]
=

[
Ap
·

]
,

where the dots are filled such that C is circulant. This proce-
dure is known as circulant embedding of A in C. Note that
the Fourier coefficients of C can be obtained by transforming
a zero-padded version of hm = [hm,0, hm,1, . . . , hm,N−1]T

to frequency domain and computing cross-correlations point-
wise. This requires M (2N)–point Fourier transforms and
M2/2 (half due to conjugate symmetry) outer products of
length 2N , i.e., a total of MN log2 2N+M2N complex mul-
tiplications.

The runtime complexity of a Hermitian M × M block
N × N Toeplitz matrix-vector multiplication is therefore
2MN log2 2N + 2M2N complex multiplications, plus
MN log2 2N + M2N complex multiplications for the initial
computation of the Fourier coefficients of C.

3.2. Conjugate Gradient Algorithm (CG)

The conjugate gradient algorithm is an iterative method sim-
ilar to gradient descent, but instead of searching in the direc-
tion of residual error, it moves in mutually “conjugate” direc-
tions to increase convergence speed. See [4] for further details
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Table 1. CG complexity
line type multiplications
4 2–norm 0.5MN
9 real scalar, complex vector 0.5MN

11 matrix, vector (MN)2

inner product 0.5MN
12 real scalar, complex vector 0.5MN
14 real scalar, complex vector 0.5MN

on the conjugate gradient method. The conjugate gradient al-
gorithm has been applied to DS-CDMA previously by [5].

The following procedure solves Equation 1.

Algorithm 1 – Conjugate Gradient
1: Initialization: f = 0
2: r← b
3: k ← 0
4: while k < Niter and ‖r‖22 > 0 do
5: if k = 0 then
6: p← r
7: else
8: β ← ‖r‖22 / ‖rold‖22
9: p← r + βp

10: end if
11: α← ‖r‖22 /(pHAp)
12: f ← f + αp
13: rold ← r
14: r← r− αAp
15: k ← k + 1
16: end while

From Table 1 the total complexity evaluates to Niter((MN)2+
2.5MN) complex multiplications.

If the block-circulant matrix vector multiplication de-
scribed in the previous section is used, the computational
complexity reduces to

OCG(Niter) = Niter(2MN log2 2N + 2M2N + 2.5MN)

+ MN log2 2N + M2N

complex multiplications.

3.3. Preconditioned Conjugate Gradient (PCG)

The preconditioned conjugate gradient method is a modified
version of the CG algorithm, which uses the Krylov subspaces
of a better conditioned approximation of A in order to in-
crease convergence speed. In this paper we are especially in-
terested in circulant approximations, which can be inverted
using the Fourier transform.

Algorithm 2 – Preconditioned Conjugate Gradient
1: Initialization: f = 0
2: r← b
3: k ← 0
4: while k < Niter and rHC−1r > 0 do
5: z← C−1r
6: if k = 0 then
7: p← r
8: else
9: β ← rHz/(rHz)old

10: p← z + βp
11: end if
12: α← rHz/(pHAp)
13: f ← f + αp
14: (rHz)old ← rHz
15: r← r− αAp
16: k ← k + 1
17: end while

Note that rHz = rHC−1r is real, because C−1 is positive
definite. Individual iterations are more complex than plain
CG, because the extra system Cz = r has to be solved. If
C is chosen circulant, this can be done in frequency domain
using the decomposition

z = C−1r = FHΛ−1Fr . (2)

Two well-known preconditioners are Strang’s and Chan’s
preconditioner. Strang’s preconditioner is equivalent to circu-
lant embedding of the top-left quarter of A. The elements of
its first column are defined by [3]

cStrang(n) =


a(n) if 0 ≤ n < N/2 ,

Re a(n) if n = N/2 ,

a(n−N) otherwise.

Note that the element c(N/2) only exists if N is even. In case
of circulant embedding c(N/2) is an arbitrary real number.
Strang’s preconditioner has been shown to minimize the 1–
norm distance to A.

Chan’s preconditioner, on the other hand, minimizes the
F–norm distance to A. The elements of its first column are
defined by [3]

cChan(n) =

{
a(0) if n = 0 ,

(1− n
N )a(n) + n

N a(n−N) otherwise.

Both of these preconditioners preserve the Hermitian
property, i.e., C = CH if A = AH. In order to generalize
these preconditioners to block Toeplitz matrices, they are
applied to each block individually.

These preconditioners cannot easily be computed in fre-
quency domain. We therefore have to compute the autoco-
variance matrix A and M2/2 (again half due to conjugate
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symmetry) complex N–point Fourier transforms. The auto-
covariance matrix can be computed by transforming its cir-
cularly embedded version back to time domain using M2/2
complex 2N–point inverse Fourier transforms. This amounts
to a total of M2/2·N/2 log2 N +M2/2·2N/2 log2 2N com-
plex multiplications.

The extra complexity is therefore MN log2 N + M2N
complex multiplications per iteration for the computation of
z, plus the initial computation of C and its Fourier coeffi-
cients. For the inversion of Λ we estimate M3N complex
multiplications.

For Strang’s preconditioner this gives a total complexity
of

OStrang
PCG (Niter) = OCG(Niter) + Niter(MN log2 N + M2N)

+ 0.25M2N log2 N + 0.5M2N log2 2N

+ M3N

complex mutliplications. Chan’s preconditioner requires an
extra 0.25M(M + 1)(N − 1) complex multiplications.

OChan
PCG (Niter) = OStrang

PCG (Niter) + 0.25M(M + 1)(N − 1)

3.4. Circulant Approximation (CA)

Using Equation 2 the equalizer coefficients can also be com-
puted in frequency domain. In order to transform the system
Af = b to frequency domain, however, the auto-correlation
matrix must be approximated by a circulant matrix (circulant
approximation, CA). The circulant preconditioners are natu-
ral candidates for this purpose.

Frequency domain coefficient computation requires the
same computations as for the initialization of the PCG algo-
rithm, i.e.,

OStrang
CA = OStrang

PCG (0) ,

OChan
CA = OChan

PCG (0) .

4. ALIASING PRECONDITIONER

A significant amount of complexity is due to the computation
of the auto-correlation function, its circulant approximation
and the Fourier transformation thereof. We therefore propose
the novel circulant approximation defined by

cAlias(n) =

{
a(0) if n = 0 ,

a(n) + a(n−N) otherwise.

It is equivalent to Strang’s preconditioner if a(n) = 0 for all
n ≥ N/2, i.e., if N is at least twice the channel length. Its
Fourier transform is the point-wise modulus squared of the
Fourier transform of h. This is easy to see from the following

aliasing

FT IFT

correlation

h

a
c

zero-padding

correlation

downsampling

Fig. 1. Exemplary time and frequency domain representations
of the aliasing preconditioner

identities.

F(f)(k) =
N−1∑
n=0

f(n)e−i2πkn/N

a(n) =
N−1∑
m=0

f(m + n)g(m)∗

c(n) =
N−1∑
m=0

f(m + n modN)g∗(m)

F(c)(k) =
N−1∑
n=0

N−1∑
m=0

f(n + m modN)g∗(m)e−i2πkn/N

=
N−1∑
m=0

N−1∑
n′=0

f(n′)g∗(m)e−i2πk(n′−m)/N

= (F(f)F(g)∗)(k)

We denote this circulant approximation the aliasing precondi-
tioner, because it is constructed analogously to the way down-
sampling causes aliasing in frequency domain. This “time
domain aliasing” effect is illustrated in Figure 1.

Without need for the time-domain autocorrelation func-
tion, the computation of the equalizer coefficients for this
circulant approximation reduces to M individual N–point
Fourier transforms, N outer products of size M , as well
as N matrix inversions and matrix-vector multiplications
of size M . The total complexity is therefore OAlias

CA =
MN log2 N + M3N + 1.5M2N complex multiplications.

5. CONVOLUTION IN FREQUENCY DOMAIN

Note that in each of the CG-based algorithms, the equalizer
coefficients can be computed in frequency domain instead,
if f is updated in frequency domain. Since the zero-padded
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Fig. 2. Mutual information for M = 1, 2 antennas, 16QAM, 8 multicodes, N = 32, PHS−PDSCH = −3 dB

Table 2. Power delay profiles [6].
Pedestrian B

Delay [µs] Power [dB]
0.0 0.0
0.2 -0.9
0.8 -4.9
1.2 -8.0
2.3 -7.8
3.7 -23.9

Vehicular A
Delay [µs] Power [dB]

0.0 0.0
0.31 -1.0
0.71 -9.0
1.09 -10.0
1.73 -15.0
2.51 -20.0

Fourier transform of the search vector p is already computed
for the matrix-vector multiplication Ap, this comes at no ad-
ditional complexity. In case of circulant approximation, the
coefficients have to be transformed to time domain, padded
with zeros, and transformed back to frequency domain.

The complexity of lossless overlap-add frequency-domain
convolution is M log2 2N +M2 complex multiplications per
symbol. Time-domain convolution, on the other hand, re-
quires MN complex multiplications. The latter is clearly
more complex for N �M .

6. SIMULATION RESULTS

Judging from the power delay profiles defined in HSDPA
standard testcase specifications [6], typical channels of inter-
est have up to 5 µs excess delay spread, which at the UMTS

chip rate of 3.84 MHz corresponds to approximately 20 chips.
We therefore limit the equalizer length to the next power of
2, i.e., N = 32.

The simulation scenario corresponds to the HSDPA stan-
dard testcases defined in [6]. Pulse shaping is not modelled,
however. Other cell interference is modelled as white Gaus-
sian noise. SNR denotes the average serving cell to interfer-
ence power ratio.

The HSDPA simulator uses 16QAM modulation, 8 High
Speed Physical Downlink Shared Channel (HS-PDSCH) mul-
ticodes with spreading factor 16 each, PHS−PDSCH = −3 dB
HS-PDSCH power and PCPICH = −10 dB Common Pi-
lot Channel (CPICH) power. The remaining transmit power
POCNS is filled with the Orthogonal Channel Noise Simulator
(OCNS) signal, i.e., PHS−PDSCH + PCPICH + POCNS = 1.
The Pedestrian B and Vehicular A power delay profiles are
reproduced in Table 2. The multipath taps are drawn from a
Rayleigh distribution, once for each subframe. The channel
is assumed constant over one subframe.

After equalization, the signal is descrambled and despread
and log-likelihood ratios (LLRs) are generated using the Max-
Log-MAP algorithm. In order to measure performance inde-
pendently of channel coding, we are interested in the channel
capacity of transmitter, multipath channel, and receiver com-
bined. Let X be the BPSK-modulated transmit bit, Y the
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Fig. 3. Pedestrian B, 16QAM H-Set 6, PHS−PDSCH =
−3 dB, SNR = 20 dB if M = 1 antenna, 15 dB if M = 2
antennas.

despreader output,

λ = loge

P{+1|Y }
P{−1|Y }

the corresponding LLR and P{X|Y } the a posteriori prob-
ability distribution as determined by the Max-Log-MAP al-
gorithm. Using the following identities we can express the
mutual information between X and Y in terms of λ [7].

I(X;Y ) = H(X)−H(X|Y )

= 1− E log2

1
P{X|Y }

= 1− E log2(1 + exp(−Xλ(Y )))

We estimate the mutual information by substituting expecta-
tion with the empirical average

1− 1
n

n∑
k=1

log2(1 + exp(−xkλk)) . (3)

The simulation stop criterion is 1000 subframes and a min-
imum of 1000 bit errors. The estimates are therefore based
on averages over 15360 bits for each of at least 1000 channel
realizations.

Performance in terms of mutual information is shown
in Figure 2. It can be noted that circulant approximation
yields generally worse performance than the conjugate gradi-
ent based methods. Strang’s preconditioner usually performs

worse than Chan’s preconditioner. The aliasing precondi-
tioner performs very well for M = 2 antennas. The precondi-
tioned conjugate gradient method with Chan’s preconditioner
always has the best performance.

Based on the above parameters, we can now estimate the
implementation complexity for each algorithm. Figure 3 plots
performance against complexity for the Pedestrian B power
delay profile. The operating points M = 1,SNR = 20dB
and M = 2, SNR = 15 dB were chosen from the perfor-
mance plots for maximum sensitivity with respect to mutual
information. The circulant approximation based methods
have a much better performance/complexity tradeoff. For
M = 2 antennas, the aliasing preconditioner achieves the
same performance as the conjugate gradient based methods
at less than one third of the computational complexity.

7. CONCLUSION

We have investigated the conjugate gradient method and fre-
quency domain equalization. The conjugate gradient based
methods show better performance than the corresponding cir-
culant approximations, but the latter is less complex. We in-
troduced the new aliasing preconditioner. If two receive an-
tennas are used it achieves the same performance as the con-
jugate gradient based methods at one third of the complexity.
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